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Abstract− In this paper, we present a finite-element-extended boundary condition (FE-EBC) method for an 
efficient calculation of the electromagnetic wave scattering from inhomogeneous magneto-dielectric objects. To this 
end, we apply the hierarchical Legendre polynomial basis functions on large curved inhomogeneous hexahedral 
elements and propose an efficient numerical algorithm for a fast computation of the finite-element matrix entries in 
the presence of the material and Jacobian inhomogeneities. Also, we present a multiple-harmonic expansion on the 
surface boundary to represent the surface magnetic field accurately. The accuracy, efficiency and convergence of the 
method are studied through some numerical examples. 
 
Index terms− Finite-element method (FEM), extended boundary condition (EBC) method, hexahedral elements, 
electromagnetic wave scattering, inhomogeneous objects. 
 
I. INTRODUCTION 
The finite-element method (FEM) is a versatile and accurate numerical method for solving vector electromagnetic field 
problems, especially, the problem of electromagnetic wave scattering from arbitrary shape inhomogeneous scatterers [1-3]. 
In the case where the volume of the scatterer can be divided into a few large curved inhomogeneous hexahedral elements, 
the high order hierarchical version of the FEM becomes more preferable because of its excellent accuracy and convergence 
[4]. The main drawback of the method is that the calculation of the finite-element matrix entries in the presence of the 
material and Jacobian inhomogeneities is costly and time consuming. However, the universal array approach [5] and the 
product to some approach [6] can be utilized to accelerate the calculation of the matrix entries. 
The main difficulty in the application of the FEM in solving infinite domain problems such as electromagnetic wave 
scattering problems is that the finite-element mesh should be truncated at a fictitious closed surface and an appropriate 
boundary condition, which is a mathematical equivalent to the sommerfeld radiation condition at infinity, should be 
imposed on the surface. The finite-element mesh can be truncated by applying an absorbing boundary condition (ABC) [7-
11], which is an approximate and local boundary condition, or PMLs) [12-15], which extend the computational domain to 
the PML regions. An exact nonlocal boundary condition can be obtained by developing a surface integral equation on the 
fictitious surface through the application of the Green's functions [16-21]. When the fictitious surface for the truncation of 
the finite-element mesh belongs to a separable coordinate system (e.g., a spherical surface), the eigenfunctions of the 
exterior homogeneous domain can be used to develop an exact nonlocal boundary condition known as a Dirichlet to 
Neumann (DtN) boundary condition [22-27]. Application of the eigenfunctions of a separable system on a nonseparable 
fictitious surface or on another separable surface leads to the extended boundary condition (EBC) method [28-40]. Indeed, 
in the EBC method, a surface integral equation is imposed in the volume surrounded by the surface and is known as a null-
field equation. 
In this paper, we present a finite-element-EBC (FE-EBC) method to solve the electromagnetic wave scattering from 
inhomogeneous objects efficiently. To this end, a hierarchical hexahedral Legendre FEM is applied in the volume of the 
scatterer, along with a fast algorithm to calculate the volumetric finite-element matrix entries in the presence of the material 
and Jacobian inhomogeneities. Also, we present a multiple-harmonic expansion to represent the surface field very 
accurately. 
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II. EBC FORMULATION 
The geometry of the problem is shown in Fig. 1, where the inhomogeneous magneto-dielectric object is surrounded by Γ 
and is illuminated by an incident electromagnetic wave. According to the equivalence principle [41], the surface current 
densities that correspond to the tangential scattered electromagnetic fields on Γ radiate a null field inside Γ. Mathematically, 
we have 
 
 
𝑗𝜔𝜇0∮ 𝐆(𝐫, 𝐫
′) ∙ (?̂? × 𝐇𝑠)𝑑𝑠
′
Γ
+ ∇ × ∮ 𝐆(𝐫, 𝐫′) ∙ (?̂? × 𝐄𝑠)𝑑𝑠
′
Γ
= 0 ∶   𝐫 ∈ inside Γ        (1) 
 
 
 
where 𝐆(𝐫, 𝐫′) is a free-space dyadic Green's function [42] and 𝐄𝑠 and 𝐇𝑠 are the scattered electric and magnetic fields, 
respectively. The dyadic Green's function of the free space, 𝐆(𝐫, 𝐫′), can be expanded in terms of spherical vector wave 
functions as 
  
𝐆(𝐫, 𝐫′) = −𝑗𝑘0∑𝛙𝐵,𝑖(𝑘0, 𝐫)?̂?𝐻,𝑖(𝑘0, 𝐫
′)
𝑖
=
−𝑗
𝑘0
∑∇×𝛙𝐵,𝑖(𝑘0, 𝐫)∇
′ × ?̂?𝐻,𝑖(𝑘0, 𝐫
′)
𝑖
  ∶   𝑟 < 𝑟′             (2) 
where 𝛙 is a divergence-free spherical vector wave function, 𝐵 and 𝐻 stand for Bessel and Hankel, respectively, and ^ is 
the complex conjugate of the angular part [42]. Substituting the first equality of (2) into the first integral in (1) and the 
second equality of (2) into the second integral in (1), we obtain a set of nonsingular integral equations as 
 
−𝑗𝜔𝜇0∮ ?̂?𝐻,𝑖(𝑘0, 𝐫
′) ∙ (?̂? × 𝐇𝑠)𝑑𝑠
′
Γ
+∮ ∇′ × ?̂?𝐻,𝑖(𝑘0, 𝐫
′) ∙ (?̂? × 𝐄𝑠)𝑑𝑠
′
Γ
= 0             (3) 
where the coordinate origin to determine 𝐫′ can be chosen as an arbitrary point inside Γ. The tangential scattered electric and 
magnetic fields on Γ can be expanded as 
 
 
?̂? × 𝐄𝑠 =∑∑𝐴𝑗
𝑐  ?̂? × 𝛙𝐻,𝑗(𝑘0, 𝐫𝐜
′)
𝑗𝑐
       (4) 
 
?̂? × 𝐇𝑠 =∑∑𝐵𝑗
𝑐  ?̂? × ∇c
′ ×𝛙𝐻,𝑗(𝑘0, 𝐫𝐜
′)
𝑗𝑐
          (5) 
 
Fig. 1. Geometry of an inhomogeneous scatterer enclosed by Γ and illuminated by a uniform plane wave of the form 𝐄𝑖 = 𝑥exp(𝑗𝑘0𝑧). 
 
 
Equations (4) and (5) represent the multiple-multipole field expansions on the surface with respect to several center 
points inside Γ, which are distinguished by different integers, 𝑐. Substituting (4) and (5) into (3) and using a manipulation 
similar to [42], we find that 
 
 
𝐴𝑗
𝑐 = −𝑗𝜔𝜇0𝐵𝑗
𝑐       (6) 
 
Equation (6) reveals the fact that the coefficients of the field expansions in (4) and (5) are related to each other. This fact 
will be used in the next section in the formulation of the FE-EBC method. 
 
III. FINITE-ELEMENT FORMULATION 
Inside Γ, including inhomogeneities, the homogeneous vector wave equation holds as 
∇ ×
1
𝜇𝑟(𝐫)
∇ × 𝐄 − 𝑘0
2𝜀𝑟(𝐫)𝐄 = 0          (7) 
 
where 𝜀𝑟(𝐫) and 𝜇𝑟(𝐫) are the relative permittivity and permeability of the scatterer bounded by Γ, respectively.  
To discretize (7), we first expand the unknown vector electric field in terms of curl-conforming vector basis functions as 
𝐄 =∑𝑎𝑗𝐔𝑗
𝑗
           (8) 
where 𝐔𝑗 's are the vector basis functions and 𝑎𝑗 's are the unknown field coefficients. Substituting (8) into (7), taking the 
inner product of the both sides of (8) with the weighting functions 𝐔𝑖 's (the Galerkin method), and applying the integration 
by parts on the first term, we arrive at 
 
 ∑𝑎𝑗(𝑆𝑖𝑗 − 𝑘0
2𝑀𝑖𝑗)
𝑗
 − 𝑗𝜔𝜇0∮ 𝐔𝑖 ∙ ?̂? × (𝐇𝑠 + 𝐇𝑖)𝑑𝑠
Γ
= 0        (9) 
 
 
where 𝐇𝑠 and 𝐇𝑖 are the scattered and incident magnetic fields, respectively, and 𝑆𝑖𝑗  and 𝑀𝑖𝑗 are the stiffness and mass 
matrix entries, respectively, which are defined as 
𝑆𝑖𝑗 = ∫
∇ × 𝐔𝑖 ∙ ∇ × 𝐔𝑗
𝜇𝑟
𝑑𝑣
𝑉
,   𝑀𝑖𝑗 = ∫ 𝐔𝑖 ∙ 𝐔𝑗  𝜀𝑟 𝑑𝑣
𝑉
          (10) 
 
Substituting (5) into (9), we obtain an insufficient number of equations for the unknown coefficients 𝑎𝑗 's and 𝐴𝑗 's. To 
develop the complement equations, we make use of the continuity of the tangential electric field on Γ as 
?̂? × 𝐄 = ?̂? × 𝐄𝑠 + ?̂? × 𝐄𝑖     on Γ           (11) 
 
New equations can be obtained by taking the inner product of the both sides of (11) with a set of appropriate weighting 
functions. To make the final system symmetric, the weighting functions are chosen as the tangential scattered magnetic field 
bases in (5). By employing the method of section II, one can easily show that the (4) and (5) are still valid for the scattered 
electromagnetic fields on the surface of every sphere enclosing Γ. Therefore, once the system of equations are solved for 
𝑎𝑗 's and 𝐴𝑗 's, the scattered fields can be calculated from (4) and (5). 
In the following, we describe our efficient finite-element formulation for the filed inside Γ. The volume bounded by Γ is 
divided into a number of hexahedral elements. Each hexahedron is mapped onto a reference cubic element through an 
appropriate mapping. Then a set of hierarchical Legendre bases are defined for the field expansion in the reference element 
as 
 
 
{
 
 
 
 
 
 
 
 𝑃𝑚(𝑢)𝑃𝑖𝑛(𝑣)𝑃𝑖𝑝(𝑤) ?̂? {
𝑚 = 0,1,⋯ ,𝑀 − 1
𝑛 = 0,1,⋯ ,𝑁        
𝑝 = 0,1,⋯ , 𝑃        
𝑃𝑖𝑚(𝑢)𝑃𝑛(𝑣)𝑃𝑖𝑝(𝑤) ?̂? {
𝑚 = 0,1,⋯ ,𝑀         
𝑛 = 0,1,⋯ ,𝑁 − 1 
𝑝 = 0,1,⋯ , 𝑃         
𝑃𝑖𝑚(𝑢)𝑃𝑖𝑛(𝑣)𝑃𝑝(𝑤) ?̂? {
𝑚 = 0,1,⋯ ,𝑀           
𝑛 = 0,1,⋯ ,𝑁           
𝑝 = 0,1,⋯ , 𝑃 − 1    
            (12) 
 
where 𝑃𝑚 is the 𝑚th degree Legendre polynomial and 𝑃𝑖𝑚 is the integrated Legendre polynomial, which is defined as 
 
𝑃𝑖𝑚 =
{
 
 
 
 
𝑃0 − 𝑃1
2
                   𝑚 = 0                     
𝑃𝑚−1 − 𝑃𝑚+1
4𝑚 + 2
        𝑚 = 1,2,⋯𝑀 − 1
𝑃0 + 𝑃1
2
                  𝑚 = 𝑀                     
           (13) 
 
The finite-element formulation of this paper is exactly the same as that has been used in [6] provided that we replace the 
Chebyshev polynomials of the first and second kinds in [6] with the integrated Legendre and Legendre polynomials, 
respectively. The numerical advantages that have been presented in [6] are also valid for the bases that have been defined in 
(12). For example, since the derivatives of the integrated Legendre polynomials are the Legendre polynomials, the 
derivative condition of [6] holds also for the basis functions in (12). This fact simplifies the computation of the stiffness 
matrix entries significantly [6]. Another advantage is the existence of an eight-fold symmetry in [𝑀𝑢𝑢], [𝑀𝑣𝑣], [𝑀𝑤𝑤], [𝐹1], 
[𝐹2], and [𝐹3] and a two-fold symmetry in [𝑀𝑢𝑣], [𝑀𝑢𝑤], [𝑀𝑣𝑤], [𝐹4], [𝐹5], and [𝐹6]. Despite the aforementioned 
advantages, the required matrix entries should be calculated through direct 3D numerical integrations for general non-cubic 
non-homogeneous hexahedral elements, which are costly and time-consuming. In [6], a product to sum approach has been 
used for a fast and efficient computation of the matrix entries in a Chebyshev based FEM. In this paper, we present a very 
efficient numerical algorithm for a fast computation of the matrix entries in an arbitrary polynomial based FEM e.g., 
Chebyshev, Legendre, Jacobi, and even Lagrangian interpolating polynomial based FEMs. The proposed algorithm is very 
simple and its implementation in terms of computer programming is very easy. To describe the algorithm, we consider one 
of the mass submatrices e.g., [𝑀𝑢𝑢] whose entries are defined as 
 
𝑀𝑢𝑢
𝑚1,𝑚2,𝑛1,𝑛2,𝑝1,𝑝2 =∭𝑃𝑚1(𝑢)𝑃𝑚2(𝑢)𝑄𝑛1(𝑣)𝑄𝑛2(𝑣)
1
−1
𝑅𝑝1(𝑤)𝑅𝑝2(𝑤) 𝛼(𝑢, 𝑣, 𝑤)𝑑𝑢𝑑𝑣𝑑𝑤           (14)  
 
where 𝛼(𝑢, 𝑣, 𝑤) is a product of the material and Jacobian inhomogeneities [6], and 𝑃, 𝑄, and 𝑅 are arbitrary 1D 
polynomials in the 𝑢, 𝑣, and 𝑤 directions, respectively. The algorithm is as follows: 
1) Calculate the 2D kernels 𝐾𝑝1,𝑝2
1 (𝑢, 𝑣) using the 1D integrals as 
𝐾𝑝1,𝑝2
1 (𝑢, 𝑣) = ∫𝛼(𝑢, 𝑣, 𝑤) 𝑅𝑝1(𝑤)𝑅𝑝2(𝑤)𝑑𝑤
1
−1
          𝑝1, 𝑝2 = 0,1,⋯ , 𝑃               (15) 
 
2) Calculate the 1D kernels 𝐾𝑛1,𝑛2,𝑝1,𝑝2
2 (𝑢) using the 1D integrals as 
𝐾𝑛1,𝑛2,𝑝1,𝑝2
2 (𝑢) = ∫𝐾𝑝1,𝑝2
1 (𝑢, 𝑣)𝑄𝑛1(𝑣)𝑄𝑛2(𝑣)𝑑𝑣
1
−1
          𝑝1, 𝑝2 = 0,1,⋯ , 𝑃
                                 𝑛1, 𝑛2 = 0,1,⋯ ,𝑁              (16)
 
 
3) Calculate the submatrix entries using the 1D integrals as 
 
𝑀𝑢𝑢
𝑚1,𝑚2,𝑛1,𝑛2,𝑝1,𝑝2 = ∫𝐾𝑛1,𝑛2,𝑝1,𝑝2
2 (𝑢)𝑃𝑚1(𝑢)𝑃𝑚2(𝑢)𝑑𝑢
1
−1
                  𝑝1, 𝑝2 = 0,1,⋯ , 𝑃
                   𝑛1, 𝑛2 = 0,1,⋯ ,𝑁 
                                            𝑚1, 𝑚2 = 0,1,⋯ ,𝑀 − 1        (17)
 
 
The number of multiply-add operations in the above algorithm is approximately 
 
1
2
(𝑃 + 1)2𝑠1𝑠22𝑠3 +
1
4
(𝑁 + 1)2(𝑃 + 1)2𝑠1𝑠2 +
1
8
𝑀2(𝑁 + 1)2(𝑃 + 1)2𝑠1        (18) 
 
where 𝑠1, 𝑠2, and 𝑠3 are the number of quadrature points in the 𝑢, 𝑣, and 𝑤, respectively. The number of arithmetic 
operations per matrix entry is 
 
𝑠1 +
2𝑠1𝑠2
𝑀2
+
8𝑠1𝑠2𝑠3
𝑀2(𝑁 + 1)2
                      (19) 
For an isotropic expansion (𝑀 = 𝑁 = 𝑃 and 𝑠1 = 𝑠2 = 𝑠3) and high degree polynomial bases (e.g., 𝑀 ≥ 6), an upper limit 
for (19) can be given as 𝑠1 + 19. This means that every 3D integral of a matrix entry can be calculated at a cost of a 1D 
numerical integration. 
 
 
 
 
 
 
 
 
Fig. 3. Magnitude of the far zone scattered field (𝑟|𝐄𝑠|) versus angle for the ellipsoid of Fig. 2 at 𝑓 = 100 MHz. 
 
Fig. 2. Geometry of an ellipsoidal scatterer, which is modeled as a single curved hexahedral element. The parameters of the scatterer are 𝜀𝑟 = 2, 𝜇𝑟 = 1, 
𝑎 = 0.8 m, 𝑏 = 1 m, and 𝑐 = 2 m. 
 IV. MULTIPLE-HARMONIC EBC METHOD 
The FE-EBC formulation that has been derived in sections II and III can alternatively be obtained by applying the same 
finite-element formulation as before and substituting the surface magnetic field expansion, (5), and the surface component 
of the electric field that is obtained from the finite-element discretization of the volume into (3) to develop the complement 
equations. In this manner, the complement equations are obtained by imposing the null-field equation, (1), through (3) while 
(4) and (6) are unnecessary. In this viewpoint, the null-field condition is imposed in the volume of several inscribed spheres, 
which are centered at the center points of the multipole expansions. Unfortunately, the multiple-multipole expansion of the 
surface magnetic field in (5) converges slowly on Γ. To accelerate the convergence of the method, we apply a multiple-
harmonic field expansion 
 
?̂? × 𝐇𝑠 =∑∑ ∑ 𝐴𝑛𝑚
𝑐  𝑟𝑐
′ ∇c
′𝑌𝑛𝑚(𝜃𝑐
′ , 𝜑𝑐
′)
𝑛
𝑚=−𝑛
𝑁𝑠
𝑛=1𝑐
+ 𝐵𝑛𝑚
𝑐  𝐫𝑐
′ × ∇c
′𝑌𝑛𝑚(𝜃𝑐
′ , 𝜑𝑐
′)        (20) 
 
where 𝑌𝑛𝑚(𝜃𝑐
′ , 𝜑𝑐
′) are scalar spherical harmonics as defined in [42]. 
 
 
 
Table II Convergence pattern of the FE-EBC method with different field expansions on Γ for the Ellipsiod of Fig. 2 𝑀 = 12, 𝑁 = 13, and 𝑃 = 15 are 
used for the inner FE solution 
Bessel based multiple-multipole 
expansion (as in the conventional 
EBC method) 
 Multiple-harmonic expansion 
(Section IV) 
 Hankel based multiple-multipole 
expansion (symmetric formulation 
of sections II and III) 
𝑁𝑠 
Average relative 
error 
𝑁𝑠 
Average relative 
error 
𝑁𝑠 
Average relative 
error 
1 5.8𝐸 − 1 2 2.3𝐸 − 2 2 4.1𝐸 − 2 
2 5.4𝐸 − 3 4 1.2𝐸 − 3 4 4.9𝐸 − 3 
3 1.5𝐸 − 3 6 8.6𝐸 − 5 6 1.5𝐸 − 3 
4 3.1𝐸 − 5 8 7.8𝐸 − 6 8 4.4𝐸 − 4 
5 5.4𝐸 − 6 10 6.4𝐸 − 7 10 1.3𝐸 − 4 
6 2.0𝐸 − 6 12 3.8𝐸 − 8 12 4.2𝐸 − 5 
7 1.5𝐸 − 5 14 2.6𝐸 − 9 14 1.8𝐸 − 5 
8 9.1𝐸 − 6 16 1.7𝐸 − 10 16 4.6𝐸 − 6 
9 6.2𝐸 − 5 18 − 18 1.6𝐸 − 6 
 
Table I Average relative errors and computational times of the proposed method for the ellipsoid of Fig. 2. 
[𝑀,𝑁, 𝑃, 𝑁𝑠] 
Average 
relative error 
Computational time (s) 
Number of 
harmonics on Γ 
DOF Finite-element 
submatrix 
Surface boundary 
submatrices  
Matrix 
solving 
total 
[4, 5, 7, 2] 2.8𝐸 − 2 0.4 0.8 0.1 1.3 48 650 
[5, 6, 8, 4] 3.1𝐸 − 3 0.5 1.7 0.4 2.6 144 1119 
[6, 7, 9, 6] 3.4𝐸 − 4 0.9 3 1.3 5.2 288 1762 
[7, 8, 10, 8] 2.5𝐸 − 5 1.4 6 3.6 11 480 2597 
[8, 9, 11, 8] 7.4𝐸 − 6 2.3 6.4 7.5 16.2 480 3402 
[9, 10, 12, 10] 5.9𝐸 − 7 3.8 13.2 17.5 34.5 720 4627 
[10, 11, 13, 12] 5.2𝐸 − 8 6 29 38 73 1008 6098 
[11, 12, 14, 14] 2.6𝐸 − 9 9.5 56 77.5 143 1344 7833 
[12, 13, 15, 16] − 14 90 150 254 1728 9850 
Comsol 4.7𝐸 − 4 − − − 285 − 445288 
 
 
 
 
 
V. NUMERICAL RESULTS 
In this section, we investigate the efficiency, accuracy, and convergence of the proposed FE-EBC method through some 
numerical examples. All the calculations have been performed in a desktop computer equipped with an AMD Athlon II 
processor with a 3.2 GHz clock frequency and 8 GBs of RAM.  
As the first example, we consider the electromagnetic wave scattering from an ellipsoidal object. The surface of the 
ellipsoid is defined as (𝑥/𝑎)2 + (𝑦/𝑏)2 + (𝑧/𝑐)2 = 1. The parameters of the ellipsoid are 𝜀𝑟 = 2, 𝜇𝑟 = 1, 𝑎 = 0.8 m, 𝑏 =
1 m, and 𝑐 = 2 m. As shown in Fig. 2, the volume of the ellipsoid is modeled as a single curved hexahedral element. In 
order to model the curved surface of the ellipsoid exactly, we apply the following exact mapping for a cube to ellipsoid 
mapping 
 
 
Fig. 5. Magnitude of the far zone scattered field (𝑟|𝐄𝑠|) versus angle for the cubic scatterer of Fig. 4 at 𝑓 = 200 MHz. 
 
 
Fig. 4. Geometry of a unit inhomogeneous cubic scatterer. The parameters of the scatterer are 𝜀𝑟 = 1+ (64𝑥𝑦𝑧(1 − 𝑥)(1 − 𝑦)(1 − 𝑧))
3
 and 𝜇𝑟 = 1. 
 
 
{
 
 
 
 
 
 
 
 
𝑥 = 𝑎 𝑓(𝑢, 𝑣)√1 −
𝑤2
2
𝑦 = 𝑏 𝑔(𝑢, 𝑣)√1 −
𝑤2
2
𝑧 = 𝑐 𝑤√1 −
𝑓2 + 𝑔2
2
        − 1 ≤ 𝑢, 𝑣, 𝑤 ≤       (21) 
 
where  
𝑓(𝑢, 𝑣) = 𝑢 cos (
𝜋
4
𝑣) + sin (
𝜋
4
𝑢) 
𝑔(𝑢, 𝑣) = 𝑣 cos (
𝜋
4
𝑢) + sin (
𝜋
4
𝑣) −
𝑣
√2
 
 
 
The magnitude of the far zone scattered field (𝑟|𝐄𝑠|) at 𝑓 = 100 MHz is shown in Fig. 3 as a function of angle and is 
compared with the Comsol multi-physics simulator. An excellent agreement is observed between the two results showing 
that the method is valid and accurate. In Fig. 2, Γ is located at the surface of the ellipsoid and the center points for the 
multiple-harmonic expansion of the surface magnetic field on Γ are located at the points (0,0, −1.4), (0,0,0), and (0,0,1.4). 
The average relative errors over the angle and the computational times of the proposed method for the ellipsoid of Fig. 2 are 
listed in Table I for different values of 𝑀, 𝑁, 𝑃, and 𝑁𝑠. The table shows that the method converges rapidly and the 
computational time for the calculation of the finite-element submatrix, using the algorithm of section III, occupies a small 
portion of the total computational time, when the order of the bases increases. 
In Table II, we compare the convergence pattern of our proposed multiple-harmonic expansion with the convergence 
patterns of conventional multiple-multipole expansions for the problem of Fig. 2. The table reveals the fact that the Bessel 
based multiple-multipole expansion does not converge properly due to the fact that, in this case, the condition number of the 
system matrix grows very rapidly and blocks the accuracy of the method. On the other hand, our proposed multiple-
harmonic expansion converges properly on the number of harmonics and the condition number blockage is not seen in this 
case. Table II also shows that the Hankel based multiple-multipole expansion converges properly but its convergence rate is 
relatively slow in comparison with our proposed multiple-harmonic expansion. 
As the second example, we consider the electromagnetic wave scattering from an inhomogeneous dielectric cube. The 
length of the cube is 1 m and 𝜇𝑟 = 1 and 𝜀𝑟 = 1 + (64𝑥𝑦𝑧(1 − 𝑥)(1 − 𝑦)(1 − 𝑧))
3
. Γ is located just at the surface of the 
cubic scatterer and the location of the inscribed spheres, inside which the null-field condition is imposed and around whose 
centers the multiple-harmonic expansion is applied, is shown in Fig. 4. The far zone scattered field magnitude versus angle 
at 𝑓 = 200 MHz for the cubic scatterer of Fig. 4 is shown in Fig. 5 and is compared with Comsol. An excellent agreement is 
observed between the two results showing that the method is valid and accurate for the scatterer of Fig. 4. The convergence 
pattern and the computational times of the method in the calculation of the scattering from the cubic scatterer are shown in 
Table III for different values of 𝑀, 𝑁, 𝑃, and 𝑁𝑠. The table shows that when a non-smooth surface is used to truncate the 
finite-element mesh the number of harmonics on the surface will increase and the computational time for the calculation of 
the surface boundary submatrices will occupy a larger portion of the total computational time. 
Finally, we consider the electromagnetic wave scattering from an inhomogeneous hemispheroidal magneto-dielectric 
object. The geometry of the hemispheroid and its model as a single curved hexahedral element is shown in Fig. 6. The 
geometry of the scatterer is specified by (𝑥/𝑎)2 + (𝑦/𝑎)2 + (𝑧/𝑐)2 = 1, where 𝑎 = 1 m and 𝑐 = 0.8 m, and the 
electromagnetic properties of the scatterer are given by 𝜀𝑟 = exp((1.25𝑧)
3) and 𝜇𝑟 = √8𝑧3 + 1. The calculated scattered 
field as a function of angle at 𝑓 = 300 MHz is depicted in Fig. 7 and is compared with Comsol. Excellent agreement is 
observed between the two results indicating that the proposed method is valid for inhomogeneous magneto-dielectric 
objects. By setting 𝑀 = 14, 𝑁 = 14, 𝑃 = 10, and 𝑁𝑠 = 7 the average relative error and the computational time of the 
proposed method are 2.9𝐸 − 5 and 117 s, respectively, in a desktop computer whose characteristics have been mentioned at 
the beginning of this section. 
 
 
 
  
  
 
 
Fig. 7. Magnitude of the far zone scattered field (𝑟|𝐄𝑠|) versus angle for the hemispheroid of Fig. 6 at 𝑓 = 300 MHz. 
 
 
Fig. 6. Geometry of an inhomogeneous hemispheroidal magneto-dielectric scatterer, which is modeled as a single curved hexahedral element. The 
parameters of the scatterer are 𝜀𝑟 = exp((1.25𝑧)
3), 𝜇𝑟 = √8𝑧3 + 1, 𝑎 = 1 m, and 𝑐 = 0.8 m. 
. 
Table III Average relative errors and computational times of the proposed method for the cubic scatterrer of Fig. 4.  
[ 𝑀, 𝑁, 𝑃, 𝑁𝑠 ] 
Average 
relative error 
Computational time (s) 
Number of 
harmonics on Γ 
DOF Finite-element 
submatrix 
Surface boundary 
submatrices  
Matrix 
solving 
total 
[5, 5, 5, 2 ] 9.6𝐸 − 3 0.4 0.9 0.1 1.4 128 668 
[6, 6, 6, 2 ] 1.7𝐸 − 3 0.55 1.3 0.3 2.15 128 1010 
[7, 7, 7, 3 ] 4.4𝐸 − 4 0.85 2.5 1 4.35 240 1584 
[8, 8, 8, 3 ] 5.8𝐸 − 5 1.4 2.6 2.3 6.3 240 2184 
[9, 9, 9, 5 ] 5.8𝐸 − 6 2.2 8.1 6.7 17 560 3260 
[10, 10, 10, 7 ] 3.8𝐸 − 7 3.5 22.5 17.5 43.5 1008 4638 
[11, 11, 11, 8 ] 7.3𝐸 − 8 5.7 38.5 37 81.2 1280 6032 
[12, 12, 12, 10] − 8.5 92.5 83 184 1920 8004 
Comsol 1.7𝐸 − 3 − − − 182 − 330525 
 
VI. CONCLUSION 
An FE-EBC method has been proposed for the electromagnetic wave scattering from inhomogeneous objects. An 
algorithm has been proposed for a fast computation of the volumetric finite-element matrix entries and a multiple-harmonic 
expansion has been applied for an accurate representation of the magnetic field on the surface. The method has been applied 
to calculate the electromagnetic wave scattering from some dielectric scatterers. The results have shown that the method 
converges rapidly and the computational time is relatively small compared with the other FEM based solvers. 
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